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q=q(x,t) €S C R - vector of state, f,(q) € C*(S,RM) - flux functions,
s(q) € C*(S,RM) - source term

Definition (Hyperbolicity)

A(q,v) = v1A1(q) + - - - + vaA4(q) with A,(q) = 9f,(q)/9q has M real
eigenvalues \1(q,v) < ... < Au(q,v) and M linear independent right
eigenvectors rpn(q, v).
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o
Mathematical background

Hyperbolic Conservation Laws

Sralx )+ 3" o falx, 1) = s(alx. 1), D {(x ) € R x RS} (1)

q=q(x,t) €S C R - vector of state, f,(q) € C*(S,RM) - flux functions,
s(q) € C*(S,RM) - source term

Definition (Hyperbolicity)

A(q,v) = v1A1(q) + - - - + vaA4(q) with A,(q) = 9f,(q)/9q has M real
eigenvalues \1(q,v) < ... < Au(q,v) and M linear independent right
eigenvectors rpn(q, v).

If f.(q) is nonlinear, classical solutions [
q(x,t) € CY(D, S) do not generally exist, not N
even for qo(x) € C*(RY,S) [Majda, 1984], / \
[Godlewski and Raviart, 1996], £ /

[Kréner, 1997] AN /

Example: Euler equations

3 1
Distance -x
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Consider the first-order partial differential equation

dq
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Consider the first-order partial differential equation
dq
at

For A = const. Eq. (2) is called linear, for A = A(q(x, t)) it is called
quasi-linear. For a hyperbolic system, A is diagonalizable as
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Conservation laws
[ Jole}
Characteristic information

Characteristic variables

Consider the first-order partial differential equation
dq
at

For A = const. Eq. (2) is called linear, for A = A(q(x, t)) it is called
quasi-linear. For a hyperbolic system, A is diagonalizable as

+A(q ) =0 (2)

R!AR=A

R is the matrix of right eigenvectors (column-wise)

R=(ri|-|rm)

and A the diagonal matrix of eigenvalues

A1 O 0
0 0 Am
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Multiplying (2) with R™* gives

R 129 g1a%a

ot ax 0
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Characteristic variables - 11

Multiplying (2) with R™* gives

dq 1599
R™! R'AZ
ot T ax 0
with R™'dq = dv this becomes
a\l 1 8V
YR TARY — 9
ot T ox
or 8 8
vV vV
A
gt T Nax 70
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Multiplying (2) with R™* gives

—10q 1,09
R'Z+R'A- =
or TROA 0
with R™'dq = dv this becomes
a\l 1 ov
— +R TAR— =
ot + Ox 0
or 8 8
v v
N AL
ot Thox =0
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components, i.e.,
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(o] lo}
Characteristic information

Characteristic variables - 11

Multiplying (2) with R™* gives

—10q 1,09
R'Z+R'A- =
or TROA 0
with R™'dq = dv this becomes
a\l 1 ov
— +R TAR— =
ot + Ox 0
or 8 8
v v
N AL
ot Thox =0

which is just a set of decoupled independent advection equations for the
components, i.e.,

OVm OV

— +An——=0 form=1,....M 3

ot ™ Ox ’ (3)
(3) is a wave equation but note that in the general quasi-linear case the
eigenvalues can dependent on all v, , i.e. Am = Am(vi, -+, vm) Nevertheless,
an analysis as for the wave equations shows

dx
Vm = const. for — =\
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Conservation laws
ooe
Characteristic information

Wavefronts

The curves dx = A\, dt are called wavefronts or characteristics, v, are the
characteristic variables.

The characteristics define how influence spreads in the x — t plane. A point in
the x — t plane is only influenced by points at earlier times in a finite domain of
dependence and influences only points in a finite range of influence.

t

v, = const.

v, = const.

Range of
Influence

vy = const.

Domain of
Dependence

Typical wave diagram for vector model problem.
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Weak and entropy solutions

Weak solutions

Integral form (Gauss's theorem):

/.q(x7 t+ At)dx — /q(x, t) dx

+zd: 7& / f.(a(o, t)) os(0) do dt = 7& / s(a(x, ) dx
=1l % 59 t Q
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Theorem (Weak solution)
g € LE(R?,S). q € L$2(D, S) is weak solution if q satisfies
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{ Jele]e]
Weak and entropy solutions

Weak solutions

Integral form (Gauss's theorem):

/.q(x7 t+ At)dx — /q(x, t) dx

+Z 7& / f.(a(o, t)) os(0) do dt = 7& / s(a(x, ) dx
o t Q

Theorem (Weak solution)
g € LE(R?,S). q € L$2(D, S) is weak solution if q satisfies

[]]%

for any test function ¢ € C§(D, S)

gso ~fn(a) — ¢~S(Q)] dxdt+/¢(x,0)~qo(X) dx =0

Rd
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(o] lele]
Weak and entropy solutions

Rankine-Hugoniot relations

Consider the 1d version of (1), s(q) = 0 integrated over interval [x, x 4+ dx] X [t, t + dt]

x+dx x+dx t+dt
[ at<sevdia = [ aGd oo == [ [Fabcer d ) = Fagx )] o
X X t
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Conservation laws
(o] lele]
Weak and entropy solutions

Rankine-Hugoniot relations

Consider the 1d version of (1), s(q) = 0 integrated over interval [x, x 4+ dx] X [t, t + dt]

x+dx x+dx t+dt
[ at<sevdia = [ aGd oo == [ [Fabcer d ) = Fagx )] o
X X t
Assume a discontinuity traveling with
speed
5o
dt t

State on the left of discontinuity is index
with L, on the right with R Inserting the
states into (8) gives

t+dt —

(ar —ar) dx = —[f(qr) — f(a.)] dt el

Or using the above speed definition

S(ar —ac) = f(qr) — f(ar)

This is called Rankine-Hugoniot jump relation. Note the form f(qr) = f(q.) for S =0
from which, for instance, the shock relations for Euler equations are derived.

Fundamentals 9



Conservation laws
{e]e] o]
Weak and entropy solutions

Entropy solutions

Select physical weak solution as Iirr:] d- = q almost everywhere in D of
e—

9.
ot 8

s(q:) xeRd7 t>0
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Entropy solutions

Select physical weak solution as Iirr:] d- = q almost everywhere in D of
e—

9.
ot

c eERY, t>0
30 0

Theorem (Entropy condition)

Assume existence of entropy n € C*(S,R) and entropy fluxes ¢, € C*(S,R)
that satisfy
on(a)" Ofu(a) _ oun(@’
dq oq ~ oq T
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Conservation laws
{e]e] o]
Weak and entropy solutions

Entropy solutions

Select physical weak solution as Iirr:] d- = q almost everywhere in D of
e—

9.
ot

c eERY, t>0
30 0

Theorem (Entropy condition)

Assume existence of entropy 1 € C*(S,R) and entropy fluxes 1, € C'(S,R)
that satisfy
on(a)” Of(a) _ Oun(@)”
. = , n=1,....d
0q 0q oq
then Iim0 q- = q almost everywhere in D is weak solution and satisfies
e—

+Z&§"Xn < (qQ) s(a)

in the sense of distributions. Proof: [Godlewski and Raviart, 1996]
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Weak solution q is called an entropy solution if q satisfies
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d T
//[ w@) + 32 2 y(q) - p 1 -s(q)} axdt+ [ o(x.0)n(an(x)) e > 0
0 Rd :1 " q RrRd
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Fundamentals



Conservation laws
{eJele] ]
Weak and entropy solutions

Entropy solutions Il

Definition (Entropy solution)
Weak solution q is called an entropy solution if q satisfies

d T
//[ w@) + 32 2 y(q) - p 1 -s(q)} axdt+ [ o(x.0)n(an(x)) e > 0
0 Rd :1 " q RrRd

for all entropy functions 7(q) and all test functions ¢ € C{(D,Rf), ¢ >0

Theorem (Jump conditions)
An entropy solution q is a classical solution q € C!(D,S) almost everywhere and
satisfies the Rankine-Hugoniot (RH) jump condition

(at —q~ crt+an )= (@) on=0
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{eJele] ]
Weak and entropy solutions

Entropy solutions Il

Definition (Entropy solution)
Weak solution q is called an entropy solution if q satisfies

d T
//[ w@) + 32 2 y(q) - p 1 -s(q)} axdt+ [ o(x.0)n(an(x)) e > 0
0 Rd :1 " q RrRd

for all entropy functions 7(q) and all test functions ¢ € C{(D,Rf), ¢ >0

Theorem (Jump conditions)

An entropy solution q is a classical solution q € C!(D,S) almost everywhere and
satisfies the Rankine-Hugoniot (RH) jump condition

(at —q~ crt+an )= (@) on=0

and the jump inequality
d
(m(a™) —n@ ) oe+ > (¥a(a™) —n(a™)) on <0
n=1
along discontinuities. Proof: [Godlewski and Raviart, 1996]

Fundamentals




Conservation laws
{ Jele]e]

Characteristic form of the Euler equations

Euler equations

dp 0 B
9t o () =0
0 0
a(ﬂuk)+axn(PUkUn+5knP):0, k:]-avd
3] 3]
E(PE) + 87x,,(u"(pE+p)) =0
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Conservation laws
{ Jele]e]
Characteristic form of the Euler equations

Euler equations

dp 0 B
9t o () =0
0 0
a(ﬂuk)+axn(PUkUn+5knP):0, k:]-avd
3] 3]
E(PE) + 87x,,(u"(pE+p)) =0

with polytrope gas equation of state

1
p= (v = 1)(pE = 5punun)

have structure
atq(xv t) +V- f(q(X, t)) =0
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Conservation laws
(o] lele]
Characteristic form of the Euler equations

Characteristic form of the Euler equations

The Jacobian can be written in different forms, using

1
2=~ h=e+? H=h+ZP = H=
p p 2
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(o] lele]

Characteristic form of the Euler equations

Characteristic form of the Euler equations

The Jacobian can be written in different forms, using

For

The matrices

Rl =

diagonalize A as

Fundamentals

222

1 2 1
h=e+?2, H=ht w = H= SR
p

y—1 2
0 1 0
¥=3 >
5 U B—")u vy—1
1
qu+§('yfl)u3 H-—(y—1)dv* ~u
1 1 1
R = u—a u u+a
H — ua %uz H 4 ua
%('yfl)u2+ua l1-7)u—a ~-1
222 — (v — 1) 2y —=1Du  2(1—7)
%('yfl)u27ua l1-7)u+a ~-1
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Characteristic form of the Euler equations - |l
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{e]e] o]
Characteristic form of the Euler equations

Characteristic form of the Euler equations - |l

u—a 0 0
R!AR=A= 0 u 0
0 0 u+ta

The transformation R*dq = R™!(dp, d(pu), d (pE))" into characteristic
variables therefore leads to

ov™ ov™
ot + (U — a)g 0
BVO (9V0 -0
ot ox
ovt ovt
W + (U + Q)W =0
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Conservation laws
{e]e] o]
Characteristic form of the Euler equations

Characteristic form of the Euler equations - |l

u—a 0 0
R!AR=A= 0 u 0
0 0 u+ta

The transformation R*dq = R™!(dp, d(pu), d (pE))" into characteristic
variables therefore leads to

ov™ ov™
En + (u— a)—ax 0
BVO (9V0 -0
ot ox
ovt ovt
W + (U + Q)W =0
with
_ dp
dvi =du—— =0 for dx=(u-—a)dt
pa
dvo:dpf@:O for dx =udt . -
a? The crossing of characteristics

dvt = du+ % =0 for dx=(u+a)dt causesa shock wave.
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Characteristic form of the Euler equations

Rarefaction and shock waves in the x — t plane

Consider the two enclosing characteristics by (t) < x < y < by(t)
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Rarefaction and shock waves in the x — t plane

Consider the two enclosing characteristics by (t) < x < y < by(t)

t

tail

head

high pressure

Forall curves: % = u +a
dt

Rarefaction:

u(x,t)Ea(x,t) < uy,t)+a(y,t)
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{eJele] ]
Characteristic form of the Euler equations

Rarefaction and shock waves in the x — t plane

Consider the two enclosing characteristics by (t) < x < y < by(t)

t

tail

head

high pressure

Forall curves: % = u +a
dt

Rarefaction:

u(x,t)Ea(x,t) < uy,t)+a(y,t)

Fundamentals

S |
shock: dx = Sdt

High Pressure

dx = (up +ap)dt
(i +ay) Low Pressure

dx = (ug + ag)dt

Shocks:

u(x,t)£a(x,t) > u(y,t)+a(y,t)
which gives for the shock speed

uL:I:aLESZuR:I:aR



Conservation laws
[ 1o}
Navier-Stokes equations

Navier-Stokes equations

1o}
aJrax,, (pu,,) =0
g(u)+i(uu+5 p—T):O k=1 d
8tpk 8ankn kn kn ’ FR)
0

19}
E(PE) + Tm(un(pE +p) + Gn — Tju;) =0
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Conservation laws
[ 1o}
Navier-Stokes equations

Navier-Stokes equations

dp

0
ot * OXn (pu,,) =0

0 0

a(ﬁuk) + a(pukun‘i'dknp_'rkn) =0, k=1,....d
0 1o}

3t (PE) + g5 (un(PE + p) + gn — Toju) =0

with stress tensor

Tkn = u(aun auk) — gu%&m
OXx Oxp 3" 0x;
and heat conduction
= _>\8T
OXn
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Conservation laws
[ 1o}
Navier-Stokes equations

Navier-Stokes equations

op 0
ot + OXn (pu,,) =0

0 0
a(ﬁuk) + a(pukun‘i'dknp_'rkn) =0, k=1,....d

0 19}
E(PE) + 87(%(95 +p) + Gn — Tju;) =0

with stress tensor

S (aun E)uk) 2 %5
kn = OXx Oxp 3“8}9- kn
and heat conduction oT

OXn

Gn = —A
have structure

deq(x, t) + V- f(a(x, t)) + V - h(a(x, t), Va(x, t)) = 0
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Conservation laws
[ 1o}
Navier-Stokes equations

Navier-Stokes equations

op 0
ot + OXn (pu,,) =0

0 0
a(ﬁuk) + a(pukun‘i'dknp_'rkn) =0, k=1,....d

0 19}
E(PE) + 87(%(95 +p) + Gn — Tju;) =0

with stress tensor

Tkn = u(aun auk) — gu%&m
OXx Oxp 3" 0x;
and heat conduction
= _>\8T
OXn

have structure

deq(x, t) + V- f(a(x, t)) + V - h(a(x, t), Va(x, t)) = 0

Type can be either hyperbolic or parabolic

Fundamentals




Conservation laws
(o] J
Navier-Stokes equations

Navier-Stokes equations for multiple species

For multiple species with chemical reaction, the Navier-Stokes equations would
be extended to

88‘;" +8%n(p,-un+pu,-n) — W, i=1,...,N

0 0
57 () + 5 (puktn + Sap = 7o) =0, k=1,....d

1o} 0
E(PE) + aT(”n(PE +p)+an+p Y b — o) =0
i

with diffusivities
aYi
Vin = Di—

Oxn
of species i into the mixture (note difference to binary diffusivities).
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with diffusivities
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Vin = Di—

OXn
of species i into the mixture (note difference to binary diffusivities). The

equation of state
L

still contains the temperature, which complicates the analysis.
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Navier-Stokes equations

Navier-Stokes equations for multiple species

For multiple species with chemical reaction, the Navier-Stokes equations would
be extended to

88‘;" +8%n(p,-un+pu,-n) — W, i=1,...,N

0 0
57 () + 5 (puktn + Sap = 7o) =0, k=1,....d

1o} 0
E(PE) + aT(”n(PE +p)+an+p Y b — o) =0

J

with diffusivities
aYi
Vin = Di—

OXn
of species i into the mixture (note difference to binary diffusivities). The

equation of state
L

still contains the temperature, which complicates the analysis. The structure is

8tq(X> t) +V- f(q(x7 t)) +V- h(q(X, t)7 Vq(x, t)) = S(q(X, t))

Fundamentals 17



Finite volume methods

Outline

Finite volume methods
Basics of finite difference methods
Splitting methods, second derivatives
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Finite volume methods
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Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)
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Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)

Time discretization t, = nAt, discrete volumes
1 1 .
li =[x — 58x,x + 5 Ax[=: [xj_1/2, Xj11/2[
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Finite volume methods
@00

Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)

Time discretization t, = nAt, discrete volumes
1 1 .
lj =[x — 38x,x + 3 Ax[=: [X'—I/Q’Xj+1/2[

1
Using approximations Q;(t |’| / x, t)dx, s(Q;(t)) I—/s(q X, t)) dx
i
!

and numerical fluxes

F (Q;(1), Qjr1(t)) = f(a(xj11/2, 1)), H(Qj(1), Qj+1(1)) = h(a(xjt1/2, 1), VA(Xjt1/2, 1))
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Finite volume methods
@00
Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)
Time discretization t, = nAt, discrete volumes
I =g — 30x,% + %AX[: [X'—I/Q’Xj+1/2[
1
Using approximations Q;(t |’| / x, t)dx, s(Q;(t)) T /s(q X, t)) dx
i
'

and numerical fluxes

F (Q;(1), Qjr1(t)) = f(a(xj11/2, 1)), H(Qj(1), Qj+1(1)) = h(a(xjt1/2, 1), VA(Xjt1/2, 1))

yields after integration (Gauss theorem)

tht1
Qtri1) = Qyltn) — 2= [ [F(Q)(8), Quea(t)) — F(Qa(e), Qy(0))] de—
th+1 1
[ HQO:Q(0) - M@0, QN de + [ s(@y(0)) e
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Finite volume methods
@00
Basics of finite difference methods

Derivation

Assume 9:q + 9xf(q) + dxh(a(-, 8xq)) = s(q)
Time discretization t, = nAt, discrete volumes
I =g — 30x,% + %AX[: [X'—I/Q’Xj+1/2[
1
Using approximations Q;(t |’| / x, t)dx, s(Q;(t)) T /s(q X, t)) dx
i
'

and numerical fluxes

F (Q;(1), Qjr1(t)) = f(a(xj11/2, 1)), H(Qj(1), Qj+1(1)) = h(a(xjt1/2, 1), VA(Xjt1/2, 1))

yields after integration (Gauss theorem)

tht1
Qtri1) = Qyltn) — 2= [ [F(Q)(8), Quea(t)) — F(Qa(e), Qy(0))] de—
th+1 1
[ HQO:Q(0) - M@0, QN de + [ s(@y(0)) e

For instance:

Qn+1:Q 7&[ (Q Qﬁl)* (;LPQ;)},

ii [ (Q Qf“) - (QJ 1,0.)} + Ats(Q]) dt
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Finite volume methods
oeo
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form

Q™ = HAQY ., Q)
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Finite volume methods
oeo
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form
Q" =1, ..., QL)
Definition (Stability)

For each time 7 there is a constant Cs and a value ng € N such that
[HAD(Q)|| < Cs for all nAt < 7, n < n
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Finite volume methods
oeo
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form

Q™ = HAQY ., Q)

Definition (Stability)

For each time 7 there is a constant Cs and a value ng € N such that
[HAD(Q)|| < Cs for all nAt < 7, n < n

Definition (Consistency)

If the local truncation error
1
L8, 1) = 1 [aGe £+ A1)~ 1O (-, 1))]

satisfies ||L(A9(-,t)]| — 0 as At — 0
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Finite volume methods
oeo
Basics of finite difference methods

Some classical definitions

(2s + 1)-point difference scheme of the form
Q" =1, ..., QL)

Definition (Stability)

For each time 7 there is a constant Cs and a value ng € N such that
[HAD(Q)|| < Cs for all nAt < 7, n < n

Definition (Consistency)

If the local truncation error
1
L8, 1) = 1 [aGe £+ A1)~ 1O (-, 1))]

satisfies ||L(A9(-,t)]| — 0 as At — 0

Definition (Convergence)
If the global error £49(x, t) := Q(x, t) — q(x, t) satisfies [|EA(-, t)|| — 0 as
At — 0 for all admissible initial data qo(x)
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Finite volume methods
[e]e] J

Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T
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Finite volume methods
[e]e] J
Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T

Definition (Conservative form)
If H(-) can be written in the form

n n At n n n n
(QjJrl = Qj - E (F(ijerlv ceey Qj+s) - F(ijm [REE Qj+sfl))
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Finite volume methods
[e]e] J
Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T

Definition (Conservative form)
If H(-) can be written in the form

. At . " "
Q = Q T~ Ao (F(Qj s+1s e Qj+s) - F(ijm LERE Qj+sfl))

A conservative scheme satisfies

2.9 => ¢

JjEZ JEZ
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Finite volume methods
[e]e] J
Basics of finite difference methods

Some classical definitions Il

Definition (Order of accuracy)

H(-) is accurate of order o if for all sufficiently smooth initial data qo(x), there
is a constant C;, such that the local truncation error satisfies
LA t)]| < CLAL® for all At < Aty , t < T

Definition (Conservative form)
If H(-) can be written in the form
n n At n n n n
Qj+1 — Qj — E (F(jSs+17 ey Qj+s) — F(ijm ey Qj+s,1))

A conservative scheme satisfies

2.9 => ¢

JjEZ JEZ

Definition (Consistency of a conservative method)

If the numerical flux satisfies F(q,...,q) = f(q) forallq € S

Fundamentals pal



Finite volume methods
[ ]
Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAY: 9.q+V-f(q)=0, IC Q(tn) 25 Q
S . 9:q = s(q) , IC: Q@ &5 Q(tm + At)

22
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Finite volume methods
[ ]
Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAY: 9.q+V-f(q)=0, IC Q(tn) 25 Q
S . 9:q = s(q) , IC: Q@ &5 Q(tm + At)

Ist-order Godunov splitting: Q(t,, + At) = SAIHA)(Q(t,,)),

22
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Finite volume methods
[ ]

Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!
HAY: 9.q+V-f(q)=0, IC Q(tn) 25 Q

S . 9:q = s(q) , IC: Q@ &5 Q(tm + At)

Ist-order Godunov splitting: Q(t,, + At) = SAIHA)(Q(t,,)),
2nd-order Strang splitting : Q(ty, + At) = SGADH(ADSGA)(Q(t,,))

22
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Finite volume methods
[ ]

Splitting methods, second derivatives

Splitting methods

Solve homogeneous PDE and ODE successively!

HAD . 9,q+V-f(q) =0,

SAY d:q = s(q)

Ist-order Godunov splitting: Q(t,, + At) = SAIHA)(Q(t,,)),
2nd-order Strang splitting : Q(ty, + At) = SGADH(ADSGA)(Q(t,,))

1st-order dimensional splitting for
XA 9.4 0 fi(q) =0,
X80 0,q 4 Dfa(q) =0,
[Toro, 1999]

Fundamentals

HO):
IC: Q(tm)
IC: QY2

At
=

At
=

IC: Q(tm) 25 Q
IC: Q@ &5 Q(tm + At)

Q2

s}

22




Finite volume methods
oce
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 8;qg — cAq = 0 with ¢ € RT

Fundamentals pxj



Finite volume methods
oce
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 8;q — cAq = 0 with ¢ € Rt , which is readily discretized as

At At
Qn“ Qi + “AZ < i1k — 2Qp + ﬂLk) +CA7)<22 ( i1 — 2Qp + Qe 1)
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Finite volume methods
oce
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 8;q — cAq = 0 with ¢ € Rt , which is readily discretized as
At At
Qn+1 Qk + C < jn+1.,k - QQJ!;( + ijfl.,k) + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
n+l _ An 1 gl 2
Q k+c[&x <HJ+2 k HJ'_* ) +CAX2 (’_Ijvk‘f'% Hjak_%>
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Finite volume methods
oce

Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn“ Qk+c < Mk —2Q + QL 1k)+c ( 1 — 2Qp + @ 1)
or conservatively
At At
n+l _ 1 _H! - 2 2
Qi ik + “ax (HJ+2 k Hj—%k) + N (Hj,k+2 Hj,k—%)

Von Neumann stability analysis: Insert single eigenmode (A()(t.“)e"klx1 e22 into
discretization

oMl = Oy <©neik1Axl —20" 4 one—[kle1)+C2 (Qneiszxz _ 20"+ Qne—iszxz)

with C, = CF, t=1,2,
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Finite volume methods
oce
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn+1 Qk + C < jn+1.,k - QQJ!;( + ijfl.,k> + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
n+l _ An 1 gl 2
Q k+c[&x <HJ+2 k HJ'_* ) +CAX2 (’_Ijvk‘f'% Hjik_%>

Von Neumann stability analysis: Insert single eigenmode ({)(t.‘)e"klx1 e22 into
discretization

oMl = Oy <©neik1Axl —20" 4 one—[kle1)+C2 (Qneiszxz _ 20"+ Qne—iszxz)
with C, = CF, ¢ = 1,2, which gives after inserting ek:X: = cos(k,x,) + isin(k,x,)

QM = Q" (1 + 2Ci(cos(kyAxy) — 1) 4 2Co(cos(kaAxz) — 1))
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Finite volume methods
oce
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn+1 Qk + C < jn+1.,k - QQJ!;( + ijfl.,k> + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
n+l _ An 1 gl 2
Q k+c[&x <HJ+2 k HJ'_* ) +CAX2 (’_Ijvk‘f'% Hjik_§>

Von Neumann stability analysis: Insert single eigenmode ({)(t.‘)e"klx1 e22 into
discretization

oMl = Oy <©neik1Axl —20" 4 one—[kle1)+C2 (Qneiszxz _ 20"+ Qne—iszxz)
with C, = CF, ¢ = 1,2, which gives after inserting ek:X: = cos(k,x,) + isin(k,x,)

QM = Q" (1 + 2Ci(cos(kyAxy) — 1) 4 2Co(cos(kaAxz) — 1))
Stability requires
|14+ 2Ci(cos(kiAxi) — 1) +2C(cos(koAx2) — 1) <1
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Finite volume methods
oce
Splitting methods, second derivatives

Conservative scheme for diffusion equation

Consider 9:q — cAq = 0 with ¢ € R* , which is readily discretized as
At At
Qn+1 Qk + C < jn+1.,k - QQJ!;( + ijfl.,k> + CAX22 ( Jn.k+1 - 2Qj7< + Qﬂkfl)

or conservatively

At At
n+l _ An 1 gl 2
Q k+c[&x <HJ+2 k HJ'_* ) +CAX2 (’_Ijvk‘f'% Hjik_%>

Von Neumann stability analysis: Insert single eigenmode ({)(t.‘)e"klx1 e22 into
discretization

oMl = Oy <©neik1Axl —20" 4 one—[kle1)+C2 (Qneiszxz _ 20"+ Qne—iszxz)
with C, = CF, ¢ = 1,2, which gives after inserting ek:X: = cos(k,x,) + isin(k,x,)

QM = Q" (1 + 2Ci(cos(kyAxy) — 1) 4 2Co(cos(kaAxz) — 1))
Stability requires
|14 2Ci(cos(kiAx) — 1) 4+ 2Co(cos(koAxp) — 1) < 1
i.e.
[1-4C —4G|<1
from which we derive the stability condition
( At At ) 1
0<c + <5
Ax? Ax2 2

Fundamentals pxj



Upwind schemes

Outline

Upwind schemes
The linear Riemann problem
Flux-difference splitting
Flux-vector splitting
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Upwind schemes
[ lo]e}

The linear Riemann problem

The Riemann problem in the linear case

Consider the linear hyperbolic equation (i.e. A = const. )

0 0
aq()ﬂ t) + Aaq()@ t) =0

Assume (for simplicity) that A has M distinct real eigenvalues A\; < ... < Ay
with M linear independent right eigenvectors r,.
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Upwind schemes
[ lo]e}

The linear Riemann problem

The Riemann problem in the linear case

Consider the linear hyperbolic equation (i.e. A = const. )

0 0

= t)+A=q(x,t)=0

& a(x,t) + A< a(x )
Assume (for simplicity) that A has M distinct real eigenvalues A\; < ... < Ay
with M linear independent right eigenvectors r,.
We can readily apply the characteristic transformation R™'q = v to obtain

ov ov
N oA
ot " Nox =0
or 5 5
Vin Vm
_ m—=— — f H :1,...,/\/’
5t + A Ee 0 orall m
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Upwind schemes
[ lo]e}
The linear Riemann problem

The Riemann problem in the linear case

Consider the linear hyperbolic equation (i.e. A = const. )

(x,t)—i—A8

aq(X7 t) =0

aq
Assume (for simplicity) that A has M distinct real eigenvalues A\; < ... < Ay
with M linear independent right eigenvectors r,.
We can readily apply the characteristic transformation R™'q = v to obtain

ov ov
Y Wk
ot Thox =0
or 9 6
Vi I _
W‘f’)\mg—o forall m—17...7M

Each characteristic variable v, changes only across the characteristic line
associated to An.

Since the entire problem is linear, we can simply sum up all these jumps Av,,
successively to connect the RP states v, vg in characteristic variables.
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Upwind schemes
o] lo}
The linear Riemann problem

The Riemann problem in the linear case - |l

Example of a linear 3 PDE system:

A, t
Introducing the jumps Vi =V
T Y17 Yu Y2 = Vha M
Avy = [VR1 — Vi, 0, 0] Vy = Vi, Vs = Vps
A V3 =V
T 3 3™ VRS
Av, = [0, VR2 — V02, 0]

AV3 = [0,07 VR3 — VL3]T

Vi =V

the solution reads Vy = Vpo
¥4 =N gy

X
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Upwind schemes

o] lo}
The linear Riemann problem

The Riemann problem in the linear case - |l

Example of a linear 3 PDE system:

A t
Introducing the jumps Vi =V
T it Vo = Vgpo M
Av1 = [VR1 — Vi, 0, 0] Vy = Vi, Vs = Vps
A Vi =V
T 3 3 R3
Av, = [0, VR2 — V02, 0]
-
AV3 = [0,07 VR3 — VL3] = v, Vi = Vpy
the solution reads 2= V2 Vy = Vpo
L3 ¥4 =N gy

Vi = Vg — Avz — Avy — Avg X/t<)\3
v(i)— v+ Avz = vg — Avy — Avg Az < x/t < A2
t) Vi + Avz + Avo = vg — Avy Ao < x/t <\
vi + Avs + Avy + Av; = vg }\1<X/t

Fundamentals



Upwind schemes
[ele] J
The linear Riemann problem

The Riemann problem in the linear case - |lI

or using the transformation q = Rv and RAv,, = r,,Av,,

qr=qr — Az —nAv, —rAvy X/t<)\3
X\ qr +r3Avs =qr — A —1rHAv A3 <X/t< Ao
q( )_ qr +r3Avs +rnAv, =qr —rHAvy )\2<X/t<)\1
qr +r3Avs + nAwv +riAvi = qg A1 <X/t
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Upwind schemes
[ele] J

The linear Riemann problem

The Riemann problem in the linear case - |lI

or using the transformation q = Rv and RAv,, = r,,Av,,

qr=qr — Az —nAv, —rAvy X/t<)\3
( ) - qr +r3Avs =qr — A —1rHAv /\3<X/t</\2
q ? o qr +r3Avs +rnAv, =qr —rHAvy )\2<X/t<>\1
qr +r3Avs + nAwv +riAvi = qg A1 <X/1.'

Multiplying with A and using Ar,, = A\prp, gives

Aq; = Aqr — r3A3Avz — X oAves —ri 1Ay X/t < A3
X\ AqL + r33Avz; = AqR — MDAV — A Av A3 < X/t < A
) o Aq; 4+ r323Av3 + 1 Av, = Aqr — A1 AV Ao < X/t <A\
Aq; + r3 3Avs + DA +ri A Avy = Aqr A1 < X/t
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Upwind schemes
[ele] J

The linear Riemann problem
The Riemann problem in the linear case - |lI
or using the transformation q = Rv and RAv,, = r,,Av,,

qr=qr — Az —nAv, —rAvy X/t<)\3
( ) - qr +r3Avs =qr — A —1rHAv /\3<X/t</\2
q ? o qr +r3Avs +rnAv, =qr —rHAvy )\2<X/t<>\1
qr +r3Avs + nAwv +riAvi = qg A1 <X/1.'

Multiplying with A and using Ar,, = A\prp, gives

Aq; = Aqr — r3A3Avz — X oAves —ri 1Ay X/t < A3
X\ AqL + r33Avz; = AqR — MDAV — A Av A3 < X/t < A
) o Aq; 4+ r323Av3 + 1 Av, = Aqr — A1 AV Ao < X/t <A\
Aq; + r3 3Avs + DA +ri A Avy = Aqr A1 < X/t

This allows direct evaluation of the flux at x=0.

F(quqR) = f(q(0,t)) = Aq(0,t)
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Upwind schemes
[ Jelele]e}
Flux-difference splitting

Linear upwind schemes

Consider Riemann problem

0 0
§ A— = eER
tq(x, t)+ ‘Xq(x, t)=0, x , t>0
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Upwind schemes
[ Jelele]e}
Flux-difference splitting

Linear upwind schemes ¢

M—1

Z Bmtm + Sty
m=1

Consider Riemann problem

0 0
§ A— = eER
tq(x, t)+ ‘Xq(x, t)=0, x , t>0

Has exact solution

0
q(X7t):qL+ Z amfm =dqp — Z amfm = Z Smrm + Z Bmtm

Am<x/t Am>x/t Am>x/t Am<x/t
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Upwind schemes
[ Jelele]e}

Flux-difference splitting

Linear upwind schemes

Consider Riemann problem

1o} Ie]

—q(x,t)+A—q(x,t) =0, xR, t>0
S-alx O +AL alx, 1) =0, x

Has exact solution

0
q(th):qL"F Z amfm =dqp — Z amfm = Z Smrm + Z Bmtm

Am<x/t Am>x/t Am>x/t Am<x/t

Use Riemann problem to evaluate numerical flux F(q,,q,) := f(q(0, t)) = Aq(0, t) as

F(qL,qR) = ACIL“F Z amAmfm = AqR— Z amAm¥fm = Z OmAmfm~+ Z BmAmrm
Am<0 Am>0 Am>0 Am<0
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Upwind schemes
[ Jelele]e}
Flux-difference splitting

Linear upwind schemes ¢

M—1

Z Bmtm + Sty
m=1

Consider Riemann problem

1o} Ie]

—q(x,t)+A—q(x,t) =0, xR, t>0

= alx, A a(x, 1) = 0, x

Has exact solution 0
q(th):qL"F Z amfm =dqp — Z amfm = Z Smrm + Z Bmtm

Am<x/t Am>x/t Am>x/t Am<x/t

Use Riemann problem to evaluate numerical flux F(q,,q,) := f(q(0, t)) = Aq(0, t) as

F(qL,qR) = AqL+ Z amAmfm = AqR— Z aAmAmrm = Z OmAmfm~+ Z BmAmrm

Am<0 Am>0 Am>0 Am<0
Use AL = max(Am,0), Am = min(Am, 0)
to define AT :=diag(\f, ..., AF), A~ =diag(A],..., A\y)

N
@
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Upwind schemes
[ Jelele]e}

Flux-difference splitting

Linear upwind schemes ¢

M—1

Z Bmtm + Sty
m=1

Consider Riemann problem
1o}

d
9 AL - R
atq(x, t)+ 8Xq(x, t)=0, xeR, t>0

Has exact solution

0
q(th):qL"F Z amfm =dqp — Z amfm = Z Smrm + Z Bmtm

Am<x/t Am>x/t Am>x/t Am<x/t

Use Riemann problem to evaluate numerical flux F(q,,q,) := f(q(0, t)) = Aq(0, t) as

F(qL,qR) = AqL+ Z amAmfm = AqR— Z aAmAmrm = Z OmAmfm~+ Z BmAmrm

Am<0 Am>0 Am>0 Am<0
Use AL = max(Am,0), Am = min(Am, 0)
to define AT :=diag(\f, ..., AF), A~ =diag(A],..., A\y)
and At :=RAtR™!, A :=RA-R™! which gives

F(a,,a5) =Aq, + A" Aq=Aq, —ATAq=A%q, + A q,

with Aq=q; —q;

N
@
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Upwind schemes
(o] lele]e}
Flux-difference splitting

Flux difference splitting

Godunov-type scheme with AQ/H/2 Q7, —Qf

Q}7+1 Q" (A JAN J+1/2 +A AQ 1/2)
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Upwind schemes
(o] lele]e}
Flux-difference splitting

Flux difference splitting

Godunov-type scheme with AQ/H/2 Q7, —Qf

Q}7+1 Q" (A JAN J+1/2 +A AQ 1/2)

Use linearization f(g) = A(qL,qR)c_] and construct scheme for nonlinear
problem as

Q= Q) - 2 (A(Q7.Q1.1)AQ7, + AY(Q),.Q))AQ) )
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Upwind schemes
(o] lele]e}
Flux-difference splitting

Flux difference splitting

Godunov-type scheme with AQ/H/2 Q7, —Qf

Q}7+1 Q" (A JAN J+1/2 +A AQ 1/2)

Use linearization f(g) = A(qL,qR)c_] and construct scheme for nonlinear
problem as

n At n n n n n
Q= Q- 7 (A(Q).Q7)AQ), +AT(Q),,Q))2Q) )
stability condition
At

N\ — < =1,...
rFeaZXM’"*J*%'Ax*l’ forall m=1,....M

[LeVeque, 1992]
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Upwind schemes
[e]e] le]e}
Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
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Upwind schemes
[e]e] le]e}
Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:

(i)  A(q,,qg) has real eigenvalues
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Upwind schemes
[e]e] le]e}
Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:

(i)  A(q,,qg) has real eigenvalues

of(q)
dq

(i) Aa,.qy) — asq,,q, —q
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Upwind schemes
[e]e] le]e}
Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:

() A
of

(a,,95) — 8(;') as q,,q9, —q

(qL7qR)Aq - f(qR) (q[_)

(qL,qR) has real eigenvalues

o)
=
>>

e
S
>>
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Upwind schemes
[e]e] le]e}
Flux-difference splitting

Roe's approximate Riemann solver

Choosing A(qL,qR) [Roe, 1981]:
() A
(ii)
(iii)

(qL,qR) has real eigenvalues

>>

of
(a,,95) — 8(;') as q,,q9, —q

(a,.9z)Aq =f(a,) —f(q,)

>>

Wave decomposition: Aq=q, —q, = Z am tm

m
F(quR) :f(qL)+ Z Sm am fm:f(qR)— Xm am ¥fm
Xm<0 Xm>0
1
=5 (f(qL) + f(qR) - ; [Aml| am Fm

Fundamentals



Upwind schemes
[e]ele] o}
Flux-difference splitting

The Roe solver for Euler equations

For Euler equations, the following non-apparent average defines the Roe method:
The average for u and H read

oo VPl + V/PRUR B VPLHL + /prHR
VPL+ VPR VPL+ /PR

The average of the density is

~ __ V/PLPR *+ /PRPL
p=———""—" =1/PLPR

NN
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Upwind schemes
[e]ele] o}
Flux-difference splitting

The Roe solver for Euler equations

For Euler equations, the following non-apparent average defines the Roe method:
The average for u and H read

oo VPl + V/PRUR B VPLHL + /prHR
VPL+ VPR VPL+ /PR

The average of the density is

~ __ V/PLPR *+ /PRPL
p=———""—" =1/PLPR

NN

and the averaged speed of sound is

se= (- )

The eigenvectors read

++|—\
[

o
W

N
T,
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Upwind schemes
[e]ele] o}
Flux-difference splitting

The Roe solver for Euler equations

For Euler equations, the following non-apparent average defines the Roe method:
The average for u and H read

oo VPl + V/PRUR B VPLHL + /prHR
VPL+ VPR VPL+ /PR

The average of the density is

~ __ V/PLPR *+ /PRPL
p=———""—" =1/PLPR

NN

and the averaged speed of sound is

se= (- )

The eigenvectors read

rl = AU —a r2 = R
H— i3 u
and the characteristic wave strengths are

Ap — paAu Ap - Ap + palAu

Av, = a1 = 232 , Av, = a = Apf?, a2
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Harten-Lax-Van Leer (HLL) approximate Riemann solver

q,, x<s/t
a(x,t) =4 q°, s t<x<sqt
drp ;, X >spt
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Harten-Lax-Van Leer (HLL) approximate Riemann solver

q,, x<s/t
a(x,t) =4 q°, s t<x<sqt
drp ;, X >spt

f(qL) 9, 0 < SL bl
f(a,) — s f(a,) + -
Fr(a,,ag) = spf(a,) —s,f(ag) +5,5:(a; —q,) . s, <0<s,,
S TSt
f(ag) , 0>sg,
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Upwind schemes
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Flux-difference splitting

Harten-Lax-Van Leer (HLL) approximate Riemann solver

q,, x<s/t
a(x,t) =4 q°, s t<x<sqt
drp ;, X >spt

f(qL) 9, 0 < SL bl
f(a,) — s f(a,) + -
Fr(a,,ag) = spf(a,) —s,f(ag) +5,5:(a; —q,) . s, <0<s,,
S TSt
f(ag) , 0>sg,

Euler equations:
s, =min(uy,L — ¢, u1,r — Cr) , Sp = max(u + ¢, u1R + CR)

[Toro, 1999], HLLC: [Toro et al., 1994]
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Flux vector splitting

Splitting

_ F(a,,ag) =f7(a,) +F (ag)
f(q) =f"(q) +f (q) Bax oo LR
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Flux vector splitting

Splitting
_ Fla,,ag) = f7(a,) +f (ag)
f(q) =" (q) + f (q) Bax oo LR

Qerived under restriction /A\ﬁ1 > 0 and
Am <O0forallm=1,..., M for

A*(q) = afaéq) :
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Flux vector splitting

Splitting
_ F(a,,az) = f"(a,) +f (ag)
f(q) =" (q) + f (q) Bax oo LR
Qerived under restriction /A\ﬁ1 > 0 and éf‘(qL) f*(qL)éf‘(qR) +
Am <O0forallm=1,..., M for \/
. o () A, . OF N
A+(q) — (q) A (q) — (q) t

oq '’
plus reproduction of regular upwinding

ff'(q) = f(q), f(q0 = 0 if Am>0 forall m=1,....M
f*(q) 0, f~(q) f(q) if An<0 forall m=1,...,M

Then use

F(a,,az) =f"(q,) +f (ag)
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Steger-Warming

Required f(q) = A(q) q
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Steger-Warming
Required f(q) = A(q) q
1 L
Am = 5 Qo+ Aml)  An =5 (Am = |Anl)

A*(q):=R(q)A"(@)R"'(a), A (a):=R(@)A (q)R '(a)
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Upwind schemes

oeo
Flux-vector splitting
Steger-Warming
Required f(q) = A(q) q
1 L
Am = 5 Qo+ Aml)  An =5 (Am = |Anl)

A*(q):=R(q)A"(@)R"'(a), A (a):=R(@)A (q)R '(a)
Gives
f(a)=A"(a)a+A (a)q

and the numerical flux

F(a,,9z) =A"(a,)a, + A (ag) ag
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Flux-vector splitting

Steger-Warming

Required f(q) = A(q) q

.1 -1
)‘m - 2 ()"'" + |Am|) )‘m - 2

A*(q):=R(q)A"(@)R"'(a), A (a):=R(@)A (q)R '(a)

(Am = [Am])

Gives
fla) =A"(a)a+A (a)q
and the numerical flux

F(a,,9z) =A"(a,)a, + A (ag) ag

Jacobians of the split fluxes are identical to A%(q) only in linear case

oF*(q) _ 0 (A*(a)a) 9A*(a)
oq oq oq

Further methods: Van Leer FVS [Toro, 1999], AUSM [Wada and Liou, 1997]

=A%(a) +
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Steger-Warming FVS for Euler equations

For Euler equations, f(q) = A(q) q holds true. We also know all matrices R"AR = A.
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Steger-Warming FVS for Euler equations

For Euler equations, f(q) = A(q) q holds true. We also know all matrices R"1AR = A.
Approach 1: Introduce A}, = % (Am+ Aml),  Am =3 (Am — |Am|) and compute A+
and A~ directly.
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Upwind schemes
ooce

Flux-vector splitting

Steger-Warming FVS for Euler equations

For Euler equations, f(q) = A(q) q holds true. We also know all matrices R"1AR = A.
Approach 1: Introduce A}, = % (Am+ Aml),  Am =3 (Am — |Am|) and compute A+

and A~ directly.
Approach 2: Analyze sign of eigenvalues:
u < —a : All eigenvalues are negative: u—a<u<u+a<0

_ T
f~(q) = [pu, pu® + p,puH] ", fT(q)=0
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ooce

Flux-vector splitting

Steger-Warming FVS for Euler equations

For Euler equations, f(q) = A(q) q holds true. We also know all matrices R"1AR = A.
Approach 1: Introduce Af, = 2 (Am + [Aml),  Am =3 (Am — |Am|) and compute A+
and A~ directly.

Approach 2: Analyze sign of eigenvalues:

u < —a : All eigenvalues are negative: u—a<u<u+a<0

_ T
f~(q) = [pu, pu® + p,puH] ", fT(q)=0

u > a: All eigenvalues are positive: 0 < u—a<u<u+4a

_ T
f7(a) =0,  f"(a) = [pu, pu® + p, puH]
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Flux-vector splitting

Steger-Warming FVS for Euler equations

For Euler equations, f(q) = A(q) q holds true. We also know all matrices R"1AR = A.
Approach 1: Introduce Af, = 2 (Am + [Aml),  Am =3 (Am — |Am|) and compute A+
and A~ directly.

Approach 2: Analyze sign of eigenvalues:

u < —a : All eigenvalues are negative: u—a<u<u+a<0

_ T
f~(q) = [pu, pu® + p,puH] ", fT(q)=0

u > a: All eigenvalues are positive: 0 < u—a<u<u+a

_ T
f7(a) =0,  f"(a) = [pu, pu® + p, puH]

—a<u<a:Wefindu—a<0and u+ a> 0 are always satisfied. For u < 0, we
need to evaluate

[u—a 0 0] 0 0 0
f~(q) =R 0 u 0 | R lq, ff@)=R| 0 © 0 R 1q
| o 0 0 | 0 0 u+a |
For u > 0, we need to evaluate
[u—a 0 0 ] 0 o0 0o
f(q) =R 0 0 0 |Rlq, ff@)=R| 0 u 0 R 1q
0 0 0 | | 0 0 u+a |
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